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Abstract
A general prescription for constructing quasi-local conserved quantities in
General Relativity is proposed. The construction is applied to BMS symmetry
generators in Newman-Unti gauge, so as to define quasi-local BMS charges. It
is argued that the zero mode of this BMS charge is a promising definition of
quasi-local energy.
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1 Introduction and summary of results
Consider a closed spacelike two-surface B in a four dimensional spacetime M . Then a
question in General Relativity is:
What is a sensible notion of energy in the region enclosed by B?
Such a notion of energy will be referred to as a quasi-local energy.
The history of defining quasi-local energy started with the observation that a local
notion of energy and momentum – a stress energy tensor – does not exist for the
gravitational field in General Relativity. This follows directly from the equivalence
principle and is therefore a general property of diffeomorphism covariant theories.
However, quasi-local notions of conserved quantities are not ruled out by the equiv-
alence principle. They are expected to be useful for various reasons1. For example,
they could provide a more detailed characterisation of states of the gravitational field
than the globally defined quantities. Furthermore, they are important from the point
of view of applications, such as formulating and proving various conjectures2 in General
Relativity, as well as formulating the laws of black hole thermodynamics [2].
Therefore, the hope has been that it will be possible to construct a quasi-local
energy. There is some justification for this hope, because a variety of such quantities
have appeared in the literature. Examples are the Komar mass [3], Misner-Sharp energy
[4], Hawking energy [5], Bartnik mass [6], Brown-York energy [7] and the Wang-Yau
mass [8] among many others. See [1] for an overview.
A problem is that the applicability of the known quasi-local quantities breaks down
at one point or another. This happens, for instance, because the quantity is only
defined in special cases, or because the quantity is (physically) ill-behaved outside of
a class of solutions. To indicate the severity of the problem, let us point out that
the most well-known notion of quasi-local energy by Brown and York [7] does not in
general vanish in the Minkowski spacetime.
The goal of the present paper is to provide a general framework for constructing
quasi-local conserved quantities, and a notion of quasi-local energy that does not suffer
from some of the problems referred to above. Our starting point will be the construction
of conserved quantities associated with asymptotic symmetries at null infinity by Wald
and Zoupas [9]. Though at null infinity, these charges may be thought of as quasi-local
charges if one thinks of a cut at null infinity as a sphere (B in Figure 1) in a spacelike
slice that is sent outwards with the speed of light. The quasi-local region then contains
1See [1] for an overview.
2One example is the Hoop conjecture, which is a criterion for when a black hole forms under
gravitational collapse. In order to formulate this conjecture more precisely, a good notion of quasi-
local energy is needed.
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the Bondi energy : the total energy of the spacetime minus the energy of the radiation
that was sent out at earlier times.
i0
i+
B
Figure 1: The Bondi mass at null infinity may be thought of as a quasi-local charge in
the sense that it is given by the total energy of the spacetime minus the energy of the
radiation that went out at earlier times. Here we think of the quasi-local region as the
region enclosed by a sphere B in a spacelike slice that approaches null infinity.
The construction of Wald and Zoupas provides a notion of “conserved quantity” in
situations where a Hamiltonian associated with a symmetry generator does not exist.
This is the case at null infinity, because unlike at spacelike infinity, the quantity that
would be the Hamiltonian is not conserved due to in- or outgoing radiation. The
situation is similar in the bulk of a spacetime; the would-be Hamiltonian is also not
conserved due to the presence of radiation or matter. However, there it appears that
the construction of Wald and Zoupas cannot be applied. This is because the defining
conditions of the Wald-Zoupas charges are tailored to the special case of null infinity.
Nevertheless, given the quasi-local nature of the Wald-Zoupas charges, the hope has
been that their construction provides clues about how to define conserved quantities
in the bulk of the spacetime. We shall argue that, indeed, a modification of their
procedure leads to a well-defined notion of quasi-local conserved charges. The first
purpose of the present paper is thus to modify the construction of Wald and Zoupas
so that the “conserved charges” exist more generally, and in particular in the bulk
of a spacetime. This then provides a new definition of quasi-local conserved charges
associated with generators of diffeomorphisms.
Let us outline the technical steps that we will take in terms of the construction of
Wald and Zoupas.
The construction of Wald and Zoupas is essentially a proposal for a correction
term Θ(φ, δφ), which is added to the defining equation of the Hamiltonian to
guarantee the existence of a solution. Here φ denote the fields of the theory and
δφ denote variations thereof.
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One of the defining conditions of the correction term Θ(φ, δφ) at null infinity is
that it vanishes for every stationary solution φ. This condition makes sense at
null infinity, because the quantity Θ(φ,Lξφ) is equal to the flux of the charge
associated with ξ, and at null infinity of stationary spacetimes there is no radia-
tion. In the bulk of a stationary spacetime, however, there may exist other types
of matter which in general account for the non-vanishing of the flux. Therefore,
the stationarity condition is not applicable in the bulk. We propose instead the
following defining condition of Θ(φ, δφ).
Consider an auxiliary hypersurface (3)B. We define Θ(φ, δφ) on (3)B by the con-
dition that Θ(φ, δφ), for variations δ that respect a given type of boundary con-
ditions X on (3)B, integrates to zero on every closed spacelike two-surface B
contained in (3)B. For vector fields tangent to (3)B, this defines an associated
quasi-local conserved charge with respect to boundary conditions X .
This condition is, however, not sufficient, since it defines Θ(φ, δφ) up to a term
which is invariant under variations that preserve the boundary conditions X .
Moreover, the resulting charge at a closed spacelike two-surface B may be ill-
defined, because its definition depends on the choice of auxiliary hypersurface
(3)B. We refer to the freedom in the choice of Θ(φ, δφ) as a choice of reference
term.
To make our proposal well-defined, we shall impose consistency conditions on the
reference term, so that the resulting charge can be interpreted unambigiously as
a quasi-local charge at B (independent of the choice of auxiliary (3)B). We further
restrict the freedom in the choice of reference term by introducing orthogonality
and zero point conditions.
A correction term Θ(φ, δφ) that satisfies the conditions mentioned above defines
– through the usual procedure [9] – a quasi-local conserved charge.
The second purpose of the present paper is to apply our construction to BMS
symmetries [10, 11, 12], so as to define quasi-local BMS charges. In the literature,
attempts at defining quasi-local BMS charges have been made. See3 e.g. [18, 19, 25,
26, 20, 27, 28, 29]. However, a drawback of these constructions is that they are not
derived from a general framework such as the one developed in this work. In addition,
several ambiguities are left untreated, such as the definition of BMS generators in the
bulk of a spacetime, which we now comment on.
3See also [13, 14, 15, 16, 17] for computations of BMS (type) charges in the linearised theory, and
[18, 19, 20, 21, 22, 23, 24] for discussions about and against their relevance in questions concerning
black hole entropy.
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BMS symmetries are asymptotic symmetries of asymptotically flat spacetimes. They
are not a priori defined in the bulk of a spacetime. Therefore, in order to be able to
define quasi-local BMS charges, one has to provide a method for extending such symme-
tries into the bulk. Bulk extensions of BMS generators exist in the literature, such as
the extensions in Bondi gauge [10] and Newman-Unti gauge [30]. These are uniquely
determined by the requirement that BMS generators in the bulk preserve the given
gauge conditions. However, a problem with extensions of this kind is that the gauge
choice is essentially arbitrary, and that the generators depend on this gauge. This
makes it non-trivial to construct gauge invariant charges.
We do not solve the issue of gauge dependence of the BMS charge. However, we
provide in a separate paper [31] a justification for why the BMS generators in Newman-
Unti gauge are physically preferred. Namely, that BMS generators in Newman-Unti
gauge are connected to the gravitational memory effect.
We show that in Newman-Unti gauge our quasi-local BMS charges have the follow-
ing properties.
(i) The charges vanish in the Minkowski spacetime.
(ii) The charges coincide asymptotically at null infinity with the BMS charges con-
structed by Wald and Zoupas.
(iii) At the outer horizon of a Reissner-No¨rdstrom black hole, the zero mode (f = 1)
of the gravitational part of the BMS charge is the irreducible mass of the black
hole.
Since these are pragmatic criteria that a useful definition of quasi-local energy is ex-
pected to satisfy (see e.g. [1] for a list of criteria), we shall put the zero mode BMS
charge forward as a new definition of quasi-local energy.
Organisation
In section 2 we review the construction of a Hamiltonian on spacetimes with a boundary.
This serves as a preparation for section 3, where a general prescription for defining
quasi-local charges (on a hypersurface (3)B which is not necessarily a boundary of the
spacetime) in diffeomorphism covariant theories is provided. In section 4, we construct
quasi-local charges in General Relativity. In section 5, we consider BMS generators
in Newman-Unti gauge, we evaluate the corresponding charges, and we discuss how
the zero mode BMS charge may serve as a definition of quasi-local energy. Possible
directions for future work are discussed in section 6.
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2 Quasi-local charges on a boundary
Consider a manifold M with boundary ∂M . Let B be a closed spacelike codimension
two-surface in ∂M . Then a quasi-local conserved quantity on B may be defined as
a Hamiltonian associated with a vector field that is tangent to ∂M [7, 32]. The con-
struction of a Hamiltonian on the boundary of a spacetime forms a basis for the ideas
presented in this paper. Therefore, we begin with a review of this construction. We
follow [32] and we adapt to the notation that boldface symbols are differential forms
on the spacetime.
On an n-dimensional manifoldM with boundary ∂M , we consider a diffeomorphism
covariant theory defined by the action
SX =
∫
M
L−
∫
∂M
BX .
Here L is a Lagrangian n-form and BX is an (n − 1)-form on ∂M associated with
boundary conditions X . For variations δ of the fields φ that respect the boundary
conditions X , the variation of the action,
δSX =
∫
M
[
E(φ)δφ+ dθ(φ, δφ)
]
−
∫
∂M
δBX , (1)
yields the equations of motion E = 0 when the boundary term satisfies
δBX(φ) = θ(φ, δφ)|∂M − dµ(φ, δφ)|∂M . (2)
Here µ is a 2-form and θ(φ, δφ)|∂M denotes the pull-back of θ(φ, δφ) onto the boundary.
An example of such a theory is General Relativity on a manifold with a timelike
boundary ∂M equipped with canonical boundary conditions X defined as follows.
Canonical boundary conditions: Boundary conditions X are called canonical if
the fields whose variation appears in θ(φ, δφ) are held fixed on ∂M .
An action for this theory is the Einstein-Hilbert action supplemented with the Gibbons-
Hawking-York boundary term [33, 34, 35], given by
S =
1
16π
∫
M
R +
1
8π
∫
∂M
(
K −K0
)
. (3)
Here R denotes the Ricci scalar and K is the trace of the extrinsic curvature density
of the (timelike) boundary ∂M . The boundary three-form K0 is any functional of the
boundary metric. It represents an ambiguity of the action for this choice of boundary
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conditions. The freedom in choosing K0 may be viewed at as a choice of zero point for
the Hamiltonian, to which we turn our attention now.
We review the construction of a Hamiltonian on M in the covariant phase space
formalism [32, 36]. For a theory of the form (1), the symplectic two-form density is
given by the variational exterior derivative of the canonical one form θ(φ, δφ). Given
two independent field variations δ1φ and δ2φ, that is,
ω(φ, δ1φ, δ2φ) := δ1θ(φ, δ2φ)− δ2θ(φ, δ1φ).
Consider a foliation of M given by achronal slices Σt (labeled by a parameter t), which
intersect ∂M orthogonally in compact spacelike (n− 2)-dimensional surfaces Ct. Then
the (pre-)symplectic two form is given by
ΩΣt(φ, δ1φ, δ2φ) :=
∫
Σt
ω(φ, δ1φ, δ2φ). (4)
Let ξ be any vector field on M that is tangent to ∂M . Then we say that a real-
valued function Hξ on the covariant phase space is a Hamiltonian conjugate to ξ if for
all variations of the field that respect the boundary conditions X ,
δH [ξ] = ΩΣt(φ, δφ,Lξφ). (5)
Here Lξ denotes the Lie-derivative with respect to ξ. As shown in [32], for variations
δφ that satisfy the linearized equations of motion, and for on-shell solutions φ, it holds
true that
ΩΣt(φ, δφ,Lξφ) =
∫
Ct
δQ[ξ]− ξ · θ(φ, δφ),
where Q[ξ] is the Noether charge two-form. Then, using (2) and the assumption that
the pull-back µ|Ct of µ to Ct vanishes, a solution to (5) exists and is given by
HX [ξ] =
∫
Ct
Q[ξ]− ξ ·BX . (6)
This is a quasi-local conserved quantity defined on the boundary ∂M .
Notice that BX is in general determined up to a three-form which depends only on
the boundary data X . We shall return to this freedom of choosing a reference term
(K0 in (3)) later.
The following can be said about (6). General Relativity satisfies the requirements
for the existence ofHX [ξ] for canonical boundary conditions X . When the gravitational
reference term K0 in (3) is the Hawking-Horowitz-Hunter reference term [37, 38], the
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Hamiltonian (6) conjugate to unit time translations at spacelike infinity is the ADM
mass [39] plus possibly additional contributions from long range matter fields [40].
When ∂Σt is an inner-boundary in the bulk of the spacetime, and ξ is a unit time
translation, (6) is a generalisation of the Brown-York quasi-local energy [7].
3 General definition of quasi-local charges
The function HX [ξ] constructed in (6) is a true Hamiltonian function on the phase
space, only if the phase space incorporates the boundary conditions X . There are,
however, situations where it is desired to consider a more general class of solutions that
violate the boundary conditions X , but where a quantity like HX [ξ] is still physically
meaningful.
One example is null infinity as a boundary of asymptotically flat spacetimes. On the
phase space consisting of all asymptotically flat spacetimes, a solution to (5) does not
exist at null infinity. However, the Bondi mass that exists as a Hamiltonian function
on the reduced phase space where in- and outgoing radiation is excluded, turns out
to be physically relevant on the original phase space too [9]. Only, it is not conserved
when radiation enters or leaves through null infinity. This observation indicates that it
could be useful have a procedure for constructing “conserved quantities”, even though
strictly speaking the quantities are not Hamiltonian functions on the phase space.
The goal of this section is to provide a prescription for constructing a “conserved
quantity” assocoiated with a vector field ξ on an arbitrary closed spacelike two sur-
face B in M . Our prescription is based on the framework of Wald and Zoupas for
constructing “conserved quantities” in diffeomorphism covariant theories in situations
where a Hamiltonian does not exist. Their prescription leads to a well-defined notion
of conserved charges at null infinity. However, it is not in general applicable in the bulk
of a spacetime. We shall provide a modification of their prescription that is applicable
in a more general context and in particular in the bulk of a spacetime.
The organisation of this section is as follows. In subsection 3.1, we review the
construction of Wald and Zoupas and we explain why it is not applicable in the bulk of
a spacetime. In subsection 3.2, we propose a modification of their construction that is
applicable more generally. In subsection 3.3 and subsection 3.4 we impose consistency
conditions. A summary of our proposal is provided in subsection 3.5.
3.1 The Wald-Zoupas correction term
Consider a hypersurface (3)B in M . (Our notation is adapted to the situation where
the spacetime dimension is n = 3 + 1.) Let Θ be a symplectic potential for the pull
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back ω of ω onto (3)B. That is, Θ satisfies
ω(φ, δ1φ, δ2φ) = δ1Θ(φ, δ2φ)− δ2Θ(φ, δ1φ). (7)
Wald and Zoupas [9] then define a “conserved quantity” H[ξ] conjugate to a vector
field ξ tangent to (3)B as a solution to the equation
δH[ξ] = ΩΣ(φ, δφ,Lξφ) +
∫
B
ξ ·Θ. (8)
Here ΩΣ is defined by (4) in which Σ is an achronal slice with a boundary at B ⊂
(3)B.
Thus, the idea of Wald and Zoupas is to introduce Θ as a correction term in the
defining equation of the Hamiltonian (5), such that a solution exists, even in situations
where originally it does not.
Note that Θ must be of the form
Θ(φ, δφ) = θ(φ, δφ)− δW (φ), (9)
where θ is the pull-back of θ onto (3)B and W is an arbitary three-form on (3)B. It
follows that a solution to (8) is given by
H[ξ] =
∫
B
Q[ξ]− ξ ·W .
However, since W is essentially arbitrary, the above prescription is not well-defined.
One must impose by hand a sensible condition or procedure to specify W .
In order to fix the ambiguity in W , Wald and Zoupas [9] imposed the condition
that
Θ(φ, δφ) = 0, (10)
for every stationary spacetime φ and on-shell perturbation δφ. They showed that in
the limit where (3)B approaches null infinity, this condition uniquely defines Θ, and
that it gives rise to the Bondi mass as the conserved charge associated with unit time
translations.
The motivation to fix Θ by the requirement that it vanishes on stationary space-
times is that Fξ := Θ(φ,Lξφ) is the flux of the charge conjugate to ξ. I.e., for a
submanifold ∆ ⊂ (3)B,
H[ξ]
∣∣
∂∆
=
∫
∆
Fξ.
This means that the requirement (10) is physically justified at null infinity, because
there is no in- or outgoing radiation (Bondi news) in stationary spacetimes.
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However, the requirement (10) is not physically justified4 when (3)B is a hypersurface
in the bulk of a spacetime. Namely, even if φ is stationary, when (3)B intersects a
(stationary) source of matter, one expects that the flux through (3)B is non-zero. Such
a situation is depicted in Figure 2. We shall therefore propose an alternative method
to specify Θ, which is also applicable in the bulk of a spacetime.
(3)B
∆
∫
∆
Fξ 6= 0
r
t
r0 r1
Figure 2: A spacetime containing a stationary shell of matter between r0 < r < r1
(the grey rectangle). Each point in the figure represents a two-sphere at radius r and
time t. When the hypersurface (3)B intersects a region containing the matter, one in
general expects that the flux Fξ of the charge associated with a vector ξ tangent to
(3)B is non-vanishing.
3.2 Correction terms in the bulk
Here we propose a correction term Θ(φ, δφ) in the bulk of a spacetime. The idea is the
following. Instead of requiring that Θ(φ, δφ) vanishes on a given class of spacetimes
φ, we shall require that it integrates to zero on B for a type of variations δφ. How do
we define a “type of variation”? We consider boundary conditions X on a (3)B that
contains B. A variation of the type X is then defined as a variation of the fields δφ
that preserves the boundary conditions X .
The resulting “conserved quantity” is by construction – if it exists – identical to the
Hamiltonian (6) on the reduced phase space that incorporates the boundary conditions
X . The difference with the previous section is that the boundary conditions do not
constrain the phase space. They serve only to define the type of variations (processes)
for which the flux through (3)B vanishes.
4In [13] the stationarity condition (10) is replaced by the requirement that Θ(φ, δφ) vanishes on
null surfaces with vanishing shear and vanishing expansion.
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Definition: Let (3)B be a hypersurface in M . Choose Θ(φ, δφ) in (9) such that there
exists an (n− 2)-form µ, such that for every variation δφ that respects a given choice
of boundary conditions X on (3)B,
Θ(φ, δφ) = dµ(φ, δφ). (11)
Here dµ denotes the pullback of dµ to (3)B. Then at B ⊂ (3)B, we shall call a solution
HX [ξ] to (8) a quasi-local conserved charge with respect to boundary conditions X.
Different choices of boundary conditions X yield different “conserved charges”, each
of which has its own physical interpretation. The role of the boundary conditions is
to determine what part of the total charge (e.g. energy) is available to an outside ob-
server which respects the boundary conditions X . The situation is similar in statistical
thermodynamics, where different ensembles have different free energies. Thus, with
the proposed definition, the problem of constructing quasi-local conserved quantities
reduces to finding meaningful boundary conditions.
With the proposed choice of Θ(φ, δφ), the “conserved charge” takes the form
HX [ξ] =
∫
B
Q[ξ]− ξ ·BX , (12)
where BX satisfies
θ(φ, δφ)− δBX(φ) = dµ, (13)
for variations δ that respect the boundary conditions X on (3)B.
Notice, however, that (12) is not yet well-defined. Namely, BX is defined up to the
addition of a three form B0X such that
δB0X = 0,
for variations δ that respect the boundary conditions X . We refer to B0X as a reference
term, which we discuss momentarily.
In the remainder of this paper, unless stated otherwise, we choose X to be canonical
boundary conditions as defined in section 2. We refer to the corresponding charge as
the canonical quasi-local conserved charge.
3.3 Consistency of the reference term
The correction term Θ(φ, δφ) in (11) is defined up to a choice of reference term B0X
that satisfies δB0X = 0 for variations δ that respect the boundary conditions X . One
has to remove this freedom by hand.
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In the previous section, in e.g. (6), there was a similar type of freedom. However,
in contrast to the previous section, there are now consistency conditions that restrict
the freedom in the choice of reference term B0X .
Tangent condition
Namely, in contrast to (6), the boundary term BX in (12) is defined simultaneously
on any auxiliary hypersurface (3)B ⊃ B that is tangent to ξ. Therefore, (12) is only
well-defined as the charge associated with ξ at B if it is independent of the choice of the
auxiliary background structure (3)B. We shall impose this as a consistency condition on
the choice of reference term B0X .
A condition that achieves this is that BX evaluated at B is identical for all
(3)B
that are tangent to ξ at B. That is, if (3)B and (3)B′ are any two hypersurfaces that
are tangent to each other at B, then we require that
BX
B
= B′X (14)
In this equation, taking the push-forward of BX into the spacetime is understood. See
Figure 3 for a situation where this condition should apply.
B
ξ
(3)B′
(3)B
Figure 3: An example of two hypersurfaces (3)B and (3)B′ which are tangent at B. Both
hypersurfaces define the charge (12) associated with ξ at B. The consistency condition
(14) ensures that the charges are the same for both hypersurfaces.
Linearity condition
In addition, we shall require that the charge (12) is linear in ξ. Thus when ξ = ξ′+ ξ′′,
we require that
HX [ξ] = HX [ξ
′] +HX [ξ
′′].
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Since the Noether charge is linear in ξ [41], it will be sufficient to require that
ξ ·BX
B
= ξ′ ·B′X + ξ
′′ ·B′′X , (15)
where B′X and B
′′
X denote the boundary terms on hypersurfaces tangent to ξ
′ and ξ′′
respectively. See Figure 4 for an example where the condition (15) should apply.
(3)B′′
(3)B(3)B′
ξ′′
ξ′ ξ
Figure 4: The linearity condition is a constraint on the relation between the boundary
terms BX , B
′
X and B
′′
X on different hypersurfaces that intersect B.
A sufficient condition so that both (14) and (15) hold true, is that BX at B is of
the form
BX
B
= bX(φ)V , (16)
where V denotes the pull-back of a spacetime three-form V (which may depend on B)
onto (3)B, and bX is a functional dependent on the boundary data X available on
(3)B,
but independent of the choice of (3)B.
3.4 The orthogonality and the zero point conditions
After imposing the condition (16), the freedom left in the choice of B is the choice of
the three-form V and the functional bX .
We assume that the kernel of the three-form V is one-dimensional. We may do this
if we absorb multiplicative factors into bX . Then V is determined by a direction ξ⊥
such that
ξ⊥ · V = 0. (17)
There are two natural choices of ξ⊥ at a given closed spacelike two-surface B. Namely,
the ingoing and outgoing null directions orthogonal to B denoted by n and l respectively.
We shall set
ξ⊥ = n,
and require that (17) holds true. We refer to this as the orthogonality condition.
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To reduce the freedom in the choice of bX , we shall require that BX vanishes at B
on a reference solution φ0. I.e.,
BX(φ0) = 0. (18)
We refer to this as the zero point condition.
3.5 Summary of our proposal
Let ξ be a vector field on M . Consider a closed spacelike two-surface B. Pick a
hypersurface (3)B that contains B and to which ξ is tangent. Denote by Θ(φ, δφ) a
Wald-Zoupas correction term on (3)B. That is, a solution to (7). The charge HX [ξ]
will then be defined as a solution to (8). Since Θ(φ, δφ) is determined up to a total
variation δW in (9), our proposal is a method to specify W . At this point, we differ
from the original prescription by Wald and Zoupas.
We require to chooseW = BX such that Θ(φ, δφ) integrates to zero for variations
δ that respect a given choice of boundary conditions X on (3)B. This determines
Θ(φ, δφ) up to a reference term B0X which is invariant under variations that respect
the boundary conditions X .
We reduce the freedom in the choice of reference term by the consistency condition
(14). This condition requires that if we had picked a different (3)B that contains B
and to which ξ is tangent, the quantity BX at B will be the same. In addition to the
consistency condition, we require that the charge is linear in the symmetry generators
ξ.
To guarantee consistency and linearity, we impose that the boundary term is of
the form BX = bX(φ)V (see (15)). Here V is a spacetime three-form with a one-
dimensional kernel, V denotes its pull-back onto (3)B, and bX(φ) is a functional that
depends on the boundary data X available on (3)B, but so that it is independent of the
(3)B that contain B.
It then remains to limit the freedom in choosing the functional bX and the three-
form V . We specify V by requiring that for ingoing lightrays generated by n orthogonal
to B, we have n · V = 0. The functional bX is required to be chosen so that the zero
point condition is satisfied, namely that BX vanishes at every B on a reference solution
φ0.
Existence and uniqueness
In section 4 we shall construct a reference term for the Einstein-Hilbert action, which
satisfies (16), (17) and (18), and hence yields a well-defined quasi-local conserved
charge.
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We want to emphasize that we have not in detail investigated uniqueness (and in
general existence) of our proposal. Thus we do not guarantee that our proposal is
successful outside of the domain studied in the remainder of the present paper.
Computational remark
In order to evaluate (12) for a given symmetry generator ξ on B, it is not required to
construct a hypersurface (3)B that is tangent to ξ. Namely, property (16) guarantees
that
ξ ·BX
B
= bX(φ) ξ · V ,
so that it is sufficient to determine V , and to compute bX(φ) on a
(3)B ⊃ B that is
convenient. For the reference term that we construct for the Einstein-Hilbert action in
subsection 4.3, it is not even necessary to refer to an auxiliary hypersurface (3)B.
4 Quasi-local charges in General Relativity
Here we construct quasi-local conserved charges for the four-dimensional (n = 3 + 1)
Einstein-Hilbert action according to the prescription in the previous section. The
construction consists of two parts. First, we write down the general form of the charge
associated with canonical boundary conditions. Second, we construct a reference term
so that the consistency, linearity, orthogonality and zero point conditions are satisfied.
4.1 The form of the Einstein-Hilbert charges
Consider the Einstein-Hilbert Lagrangian
L(g) =
1
16π
R(g)ǫ(g),
where R(g) denotes the Ricci scalar and ǫ(g) is the volume form associated with g.
For this theory, a5 canonical one-form θ(g, δg) obtained through the variation of the
Lagrangian in (1) is given by [41]
θabc = ǫdabcv
d, (19)
where
vd = ∇aδg
ad −∇d(gabδgab).
5The canonical one form θ is defined up to θ 7→ θ+ dY , where Y (φ, δφ) is a covariant (n−2)-form
linear in δφ.
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The corresponding Noether charge two-form is given by [41]
Q[ξ] := −
1
16π
ǫabcd∇
cξd dxa dxb. (20)
Consider a timelike hypersurface (3)B. Denote the induced metric on (3)B by σab and
the extrinsic curvature by Kab. Then the pull-back of the canonical one-form (19) may
be expressed as [32]
θabc = −
1
16π
(Kde − σdeK)δσdeǫabc − δ
(
1
8π
Kǫabc
)
+
1
16π
d
(
mcδmdǫabcd
)
, (21)
where K := σabKab, and m
a is the outward pointing unit normal vector to (3)B, and
the induced volume form is ǫabc := m
dǫdabc.
Now, we write down the form of the correction term defined in subsection 3.2 asso-
ciated with canonical boundary conditions. For the Einstein-Hilbert action, since the
variation of the metric appears in θ(g, δg), canonical boundary conditions correspond
to fixing the induced metric σab at
(3)B. Comparison of (21) with (13) then immediately
tells us that BX for canonical boundary conditions X is given by
B = −
1
8π
(K −K0),
where K0 =K0(σ) is an arbitrary 3-form functional of the induced metric σab. There-
fore, the canonical charge is given by
H[ξ] =
∫
B
Q[ξ] +
1
8π
ξ · (K −K0). (22)
It remains to construct the reference term K0 satisfying the conditions (16), (17)
and (18). This is a non-trivial task. To see why, notice that, for instance, the choice
K0 = 0 violates the consistency condition (14). The reference term by Brown and
York [7] violates the zero point condition6 (18).
The reference term that we shall construct in subsection 4.3 is dependent on a
specific formulation of the geometry of B and (3)B, and an expression of K therein.
We shall define this formulation now.
6This refers to the statement that the Brown-York quasi-local energy does not in general vanish in
the Minkowksi spacetime.
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4.2 The trace of the extrinsic curvature
In this section, we provide an expression of K in terms of the geometry of a foliation
of (3)B by closed spacelike two surfaces. This expression will be necessary in the next
section where we construct a reference term K0 that satisfies the conditions stated
in section 3. We follow the formalism in [42, 43, 44, 45], which we also refer to for
technical details.
Evolution vector
We begin by defining an evolution vector of (3)B.
Let Σv be a null foliation of the spacetime, labeled by the parameter v. Denote by
Bv the level surfaces of
(3)B at a constant value of v. Then the evolution vector h of
(3)B is uniquely defined (see [42, 43]) by the conditions that (i) h is tangent to (3)B, (ii)
h is orthogonal to each Bv and (iii) Lhv = 1. We denote half of the norm of h by
C :=
1
2
hah
a. (23)
The evolution vector h may be used to define the normalisation of the in- and
outgoing null normals orthogonal to Bv denoted by n and l respectively. We normalise
them such that lana = −1 and such that
ha = la − Cna. (24)
It is then natural to define a vector τ normal to (3)B by
τa := la + Cna.
See Figure 5 for a pictorial representation of the vectors defined above.
Expansion, surface gravity and the twist form
The expansion of the induced volume element on Bv along the evolution vector is
defined as
θ(h) :=
1
2
qcdqac q
b
dLhgab.
Here qab denotes the induced metric on Bv. The expansions θ
(τ), θ(l) and θ(n) are defined
similarly. A useful identity is
θ(τ) = θ(l) + Cθ(n). (25)
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(3)B
l
n
h
−Cn
+Cn
Bv
τ
Figure 5: A pictorial representation of the vectors h, τ , l and n. The norm of these
vectors is determined by the foliation Bv of the hypersurface
(3)B.
Next, we define a connection on the normal bundle of B, referred to as the twist
one-form, by
ωa := −nb∇al
b. (26)
The surface gravity is defined by
κ := laωa. (27)
The trace of the extrinsic curvature
We are now in a position to expressK in terms of the quantities defined above. Towards
this end, we consider the trace of the extrinsic curvature with respect to τ , defined by
K(τ) := σabσcaσ
d
b∇cτd. (28)
Here σab denotes the induced metric on
(3)B. It is related to the induced metric qab on
B by
σab = qab +
1
2C
hahb.
Using (23), (24) and (27) we may then write
K(τ) = κ + θ(τ) −
1
2C
LhC.
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Furthermore, we define on (3)B the volume form7
V := dv ∧ ǫ(q), (29)
where ǫ(q) denotes the canonical volume form on B associated with the metric q. Since
on a spacelike (3)B, we have ǫ(σ) = (2C)1/2V , and (28) is related to the usual trace of
the extrinsic curvature8 K by K(τ) = (2C)1/2K, it follows that
K = −
(
κ+ θ(τ) −
1
2C
LhC
)
V . (30)
Here, the minus sign arises because the boundary term in (3) has the opposite sign
for spacelike hypersurfaces. Notice that κ and θ(τ) in (30) are defined at surfaces of
arbitrary signature. The quantity C−1LhC is not defined at points where the boundary
becomes null C = 0. This issue will be taken care of momentarily.
4.3 The reference term
In this section, we construct a reference term K0 in (22) so that the consistency,
linearity, orthogonality and zero point conditions from section 3 are satisfied. For the
moment, we assume that (3)B is everywhere non-null. At the end, we observe that the
resulting BX is also well-defined at points of
(3)B which are null.
We shall construct K0 as the trace of the extrinsic curvature density of
(3)B em-
bedded in a reference spacetime M̂ . The embedding is completely determined by the
intrinsic geometry of (3)B, in agreement with our choice of canonical boundary condi-
tions. The reader may find it helpful to consult Figure 6 for a pictorial representation
of the construction.
Step 1 (Spacetime foliation). The first step is to define a (null) foliation of the space-
time. The purpose of this is that a foliation defines the evolution vector in the previous
section, on which our formulation of the geometry is dependent. Since we will need to
compare the geometry between hypersurfaces in the original and the reference space-
time, we shall need a sensible way to speak about “the same” foliation in the original
as in the reference spacetime. One place where “the same” can be given a meaning
is null infinity, since there the geometry of the original and the reference spacetime
is the same. Therefore, null infinity will be the place where we shall now set up our
7The notation V indicates that we shall later view this volume form as the pull-back of a spacetime
three-form.
8The usual trace of the extrinsic curvature is given by (28) where τ is replaced by the outward unit
normal vector m.
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spacetime foliations.
We introduce in a neighbourhood of past null infinity I− a Newman-Unti9 [30] (or
if the reader prefers a Bondi [10]) coordinate system (v, r, xA). The coordinate v labels
a foliation of M by null hypersurfaces Σv. The coordinate r parametrises
10 the null
geodesic generators of Σv. The angular coordinates x
A label the null generators of Σv.
The asymptotic metric in these coordinates is given by
ds2 = − dv2 + 2dv dr + (r2γAB + rCAB) dx
A dxB + (...).
(See section 5 for more precise asymptotic conditions.) There are infinitely many of
such Newman-Unti (or Bondi) coordinates (v, r, xA), labelled by the asymptotic shear
CAB. We consider the Newman-Unti coordinates such that B is entirely contained in
the null hypersurface11 Σ0.
We then define Σ̂0 in the reference spacetime M̂ as the level surface of a Newman-
Unti coordinate v̂, such that the corresponding asymptotic shear ĈAB at v̂ = 0 is
identical to CAB at v = 0, i.e.,
ĈAB|v̂=0 = CAB|v=0. (31)
Step 2 (Isometric embedding). We embed B isometrically by a map i : B →֒ Σ̂0. The
image of B is denoted by B̂ := i[B].
Step 3 (Constructing (3)B̂). Denote by (3)B̂ at this point any hypersurface that contains
B̂ and consider its foliation by the null hypersurfaces Σ̂v̂. Let ĥ be the corresponding
evolution vector defined in the previous section and denote by n̂ the corresponding
ingoing null normal. As defining conditions of (3)B̂, we then require that
Cθ(n) = i∗
(
Ĉθ(n̂)
)
, (32)
and
C−1LhC = i
∗
(
Ĉ−1LĥĈ
)
. (33)
Here i∗ denotes the pull-back of the map i defined in step 2, and Ĉ is defined by (23)
for the evolution vector ĥ. (Notice that Cθ(n) and C−1LhC are the quantities in (30)
9See subsection 5.1 for a review of Newman-Unti coordinates.
10In Newman-Unti gauge, r is an affine parameter of the geodesics generated by n. In Bondi gauge,
r is the areal or luminosity distance.
11It is not necessary that the Bondi coordinates cover the surface B. Namely, the null hypersurface
Σv is defined independent of the coordinate r.
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which depend on the choice of (3)B. Therefore, (32) and (33) will ensure that the re-
sulting reference term satisfies the consistency condition.)
Step 4 (Embedding of (3)B into (3)B̂). Extend the map i : (3)B →֒ (3)B̂ around B such
that i∗(v̂) = v. In other words, the extension is defined by identifying the Newman-
Unti coordiates v and v̂. This extension is not unique – it may be twisted off B – but
since the resulting reference term in (35) will not depend on this freedom, we do not
fix it.
Step 5 (The reference term). Finally, define at B
K0 :
B
= i∗K̂, (34)
where K̂ denotes the extrinsic curvature density (30) of (3)B̂. Comparison of (30) and
(34) with (32), (33) and (25), yields that
K −K0
B
= −
(
κ− κ̂+ θ(l) − θ̂(l)
)
V . (35)
Here, in our notation we denote by ◦̂ the reference value of the quantity ◦.
Notice that, in contrast to (30), (35) is also well-defined at points where (3)B becomes
null (C = 0). This is because the divergent piece at null surfaces in (30) was identified
in the reference spacetime by (33).
4.4 Consistency, linearity, orthogonality and the zero point
Here we show that (35) is of the form (16).
First, notice that the volume form (29) is at B the pull-back of the spacetime
three-form
V := −na dx
a ∧ ǫ(q).
(The values of V outside of B are irrelevant for our purposes.) From this, it follows
that
n · V = 0,
so that V satisfies the orthogonality condition (17) with respect to the ingoing light
direction n. Second, note that θ(l) and κ depend only on B. This means that the
term between brackets in (35) is independent of (3)B ⊃ B. Therefore, (16) is satisfied.
This proves consistency and linearity. Lastly, the zero point condition (18) is trivially
satisfied.
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(3)B
h
v
=
0
v
=
1
B
v
I−
(3)B̂
ĥ
v̂
=
0
v̂
=
1
B̂
v̂
I−
(31)
(32) and (33)
Figure 6: Foliations by Newman-Unti (or Bondi) coordinates v and v̂ of the original
spacetimeM (left) and the reference spacetime M̂ (right). The coordinates v and v̂ are
chosen such that the asymptotic shears at the level surfaces of v = v̂ = 0 are identical
(see (31)). The surface B is embedded isometrically into the level surface v̂ = 0. Then,
a hypersurface (3)B̂ is constructed by the conditions ((32) and (33)). This identification
depends on the evolution vectors h and ĥ defined by the foliations of the spacetime.
4.5 Existence and uniqueness
Here we comment on the existence and uniqueness of the reference term as constructed
in (35).
As an example, consider Minkowski space as the reference spacetime and suppose
that B is contained in a slice Σ0 for which the asymptotic shear vanishes: CAB|v=0 = 0.
Then the (degenerate) metric on Σ̂0 is given by
ds2 = 0dr2 + r2 dΩ2.
It follows directly from the uniformization theorem12 that the embedding map i exists
and is unique up to isometries of the Minkowski spacetime. It then remains to construct
(3)B̂. Towards this end, let (3)B̂ be located at13 r̂ = p(v̂, x̂A). Then (32) uniquely
determines ∂v̂p|B and (33) uniquely determines ∂
2
v̂p|B. (The function p|B is determined
by the embedding i.) This determines the trace of the extrinsic curvature of the
hypersurface (3)B̂ at B. Therefore, the reference term exists and is unique.
We leave a more general study of existence and uniqueness for future work.
12The uniformization theorem states that every metric on S2 is conformal to the round metric.
13Here (v̂, r̂, x̂A) denote Newman-Unti coordinates of the Minkowski spacetime with ĈAB = 0.
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4.6 The canonical Einstein-Hilbert charges
Finally, we evaluate the canonical quasi-local charges for the Einstein-Hilbert La-
grangian.
A given vector field ξ at B may be decomposed as
ξ = αl + βn+ ξ||. (36)
Here n and l are the in- and outgoing null normals14 to B, and ξ|| is a vector tangent to
B. In terms of the decomposition (36), the pull-back of the Noether charge two-form
(20) onto B becomes15
Q[ξ]|B =
1
16π
(
ακ+ Llα− Lnβ + 2ξ
a
||ωa
)
ǫ(q), (37)
where κ is the surface gravity defined in (27) and ωa denotes the pull-back of the twist
form (26) onto B. Substitution of (37) and (35) into (22) then yields that
H[ξ] =
1
16π
∫
B
[
ακ+ Llα− Lnβ + 2ξ
a
||ωa − 2α
(
θ(l) − θ̂(l) + κ− κ̂
)]
ǫ(q). (38)
This concludes the construction of canonical quasi-local charges for the Einstein-Hilbert
action.
5 Quasi-local BMS charges
In the previous sections, we provided a consistent method to define a conserved charge
associated with a symmetry generator ξ at a closed spacelike two-surface B. Our next
task is to consider a specific symmetry generator ξ to evaluate the charge. Here our
choice16 will be that ξ is a BMS vector field [10, 11, 12].
Usually, BMS symmetries are only considered in the asymptotic region. Namely,
they are defined as diffeomorphisms that act non-trivially at null infinity, but which pre-
serve the asymptotically flat boundary conditions. Their action in the bulk is generally
considered arbitrary and therefore irrelevant.
14The normalisation of these null normals is defined in subsection 4.2 where the parameter v is now
a Newman-Unti coordinate.
15To derive this expression, we used that
ǫ = l ∧ n ∧ ǫ(q).
16One other natural choice would be ξ = l. However, we do not consider this choice here, because
its associated charge does not vanish in the Minkowski spacetime.
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However, there do exist ways to extend BMS symmetries into the bulk of a space-
time. For example, when a gauge such as Bondi gauge or Newman-Unti gauge has
been fixed, the extension of BMS generators into the bulk is unique by the requirement
that they preserve the given gauge conditions.
This does, however, not take away the problem that the gauge fixing method is
essentially arbitrary. Different gauge fixing methods lead to different BMS generators.
And unfortunately, our charge (38) is – in the bulk of the spacetime – not independent17
of this gauge choice. (This may be verified by comparison of the BMS charge in the
Newman-Unti and Bondi gauges.)
In order to define BMS charges, one must make a choice of gauge. Our choice will
be Newman-Unti gauge. Our motivation for this choice is that the BMS generators in
Newman-Unti gauge are connected to the gravitational memory effect in the bulk of a
spacetime. This connection is explained in a separate paper [31], which generalises the
observation of Strominger and Zhiboedov [46] that BMS symmetries at null infinity
are connected to gravitational memory.
The organisaton of this section is as follows. After a review of BMS symmetries
in Newman-Unti gauge in subsection 5.1, we evaluate the associated quasi-local BMS
charges in subsection 5.2. Then we show in subsection 5.3 that the BMS charges vanish
in the Minkowski spacetime, and in subsection 5.4 that they yield the correct asymp-
totic behaviour at null infinity. In subsection 5.5 we compute the charges in the Vaidya
and Reissner-No¨rdstrom spacetimes, in order to argue in subsection 5.6 that the zero
mode BMS charge is a promising definition of quasi-local energy.
5.1 BMS generators in Newman-Unti gauge
Newman-Unti coordinates [30] are based on a null foliation of the spacetime parametrised
by the first coordinate v. The second coordinate r is an affine parameter for the null
geodesic generators na = −∂av in the hypersurfaces Σv of constant v. The remaining
angular coordinates xA are defined such that na generates light rays at constant angles.
The metric in these coordinates takes the form
ds2 = W dv2 + 2dr dv + gAB( dx
A − V A dv)( dxB − V B dv). (39)
Part of the freedom left in the choice of (v, r, xA) is then used to impose the following18
17This problem also occurs at null infinity. Usually it is assumed that the representatives satisfy
the Geroch-Winicour condition, which guarantees uniqueness of the charge. See e.g. [9].
18One way to obtain these expressions is to consider the fall-off conditions in Bondi gauge [47] and
to use the relation between the Bondi and Newman-Unti gauges given by Equation (4.5) of [48].
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fall-off conditions. Namely,
gAB =
(
r2 − 4β0
)
γAB + rCAB +DAB +O(r
−1),
where γAB is the round metric, ∂vDAB = 0 and CAB is traceless with respect to γAB,
γABCAB = 0,
and
β0 := −
1
32
CABC
AB. (40)
(In the previous section CAB was referred to as the asymptotic shear of the geodesic
null congruence defined by na.) Furthermore,
V A =
∞
V r−2 +O(r−3),
where
∞
V :=
1
2
◦
DBC
AB.
Here
◦
DA is the covariant derivative with respect to the round metric γAB. And
W = −1 +
2mB + 4∂vβ0
r
+O(r−2),
where mB denotes the Bondi mass aspect. The inverse metric is given by
gab =

0 1 01 −W V A
0 V B gAB

 .
BMS symmetries are diffeomorphisms that preserve the asymptotic fall-off condi-
tions of an asymptotically flat spacetime. In Newman-Unti gauge, they are generated
by19 vector fields ξ of the form [30, 48]


ξv = f
ξr = J − r∂vf +
1
2
◦
∆f
ξA = Y A + IA
(41)
19In 3 + 1 dimensions.
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where
f := T (xA) +
1
2
v
◦
DAY
A,
IA := −∂Bf
∫ r
∞
gAB dr′,
J := −∂Af
∫ r
∞
V A dr′.
Here T (xA) is an arbitrary function of the angular coordinates, referred to as a super-
translation, and Y A is a conformal Killing vector of γAB. The operator
◦
∆ :=
◦
DA
◦
DA
denotes the spherical Laplacian.
Domain of applicability
The BMS generators (41) are only defined at the points in the spacetime where
Newman-Unti coordinates are defined. When the curvature of the spacetime becomes
too strong, the lightrays in Σv generated by n
a start to intersect20, at which point the
coordinates become ill-defined.
However, Newman-Unti coordinates do cover many interesting situations. We illus-
trate this with an example. Consider a planet in the vicinity of a black hole. When the
energy density of the planet is sufficiently small or the planet is sufficiently close to the
black hole, the light rays generated by na intersect behind the horizon. This means that
the above BMS generators are defined at black hole horizons with sufficiently weakly
gravitating matter in the exterior. See Figure 7.
Figure 7: A planet in the presence of a black hole. The trajectory of ingoing light
rays generated by na is deformed by the planet. However, if the energy momentum
distribution of the planet is sufficiently weak, the ingoing light rays intersect inside of
the trapping region.
5.2 Einstein-Hilbert charges
Here we evaluate (38) for the case that ξ is a BMS generator (41).
20The light rays intersect when θ(n) = ∇an
a = 0.
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Consider a two-surface B located at constant values of v and r in Newman-Unti
coordinates. The in- and outgoing null normals n and l respectively are then given by
na = (0,−1, 0, 0) and la =
(
1,−
W
2
, V A
)
.
The BMS vector field (41) in the decomposition (36) is given by
α = f,
β = −ξr −
αW
2
,
ξA|| = ξ
A − αV A.
This yields
Lnβ = −Llf − ακ,
where we used that κ = −1
2
∂rW . The charge may now be seen to evaluate to
H[ξ] =
1
8π
∫
B
[
− f
(
θ(l) − θ̂(l) + V AωA − κ̂
)
+ Llf + ξ
AωA
]
ǫ(q). (42)
This is the main result of this section.
The quantity κ̂ in (42) may be interpreted as a reference term for V AωA. To see
this, one may verify that in the Minkowski spacetime in Newman-Unti coordinates it
holds true that
κ = V AωA (in the Minkowski spacetime). (43)
The quantity ξA is a geodesic deviation between the light rays generated by na and
light rays that are BMS deformations thereof. This observation is elaborated in [31].
In the following, we show (i) that the BMS charges (42) vanish in the Minkowski
spacetime, and (ii) that they coincide asymptotically at null infinity with the BMS
charges known in the literature.
5.3 Vanishing charges in the Minkowski spacetime
Here we show that the quasi-local BMS charges vanish in the Minkowski spacetime.
Since the Minkowski spacetime is also our reference spacetime that satisfies the zero
point condition (18), it follows from (12) that the conserved charge vanishes when the
Noether charge vanishes. We now show that the Noether charge associated with BMS
generators vanishes in the Minkowski spacetime.
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Consider the Minkowksi spacetime given by
ds2 = − dv2 + 2dv dr + r2γAB dx
A dxB.
One may verify that on an arbitrary closed two-surface B the pull-back ofQ[ζ ] (defined
in (20)) onto B is a total derivative on B when ζ satisfies
∂rζ
v = 0,
∂vζ
v − ∂rζ
r =
◦
DA( · )
A,
and
ζA =
1
r
γAB∂Bλ,
where ∂vλ = ∂rλ = 0. Furthermore, in Minkowski space, the Noether charge two-form
Q[k] also integrates to zero on B when k is an isometry.
Since in Minkowski space in Newman-Unti gauge it holds true that BMS vector
fields are a linear combination of the vector fields ζ (supertranslations) and isometries
k (rotations and boosts), the corresponding Noether charge vanishes21.
5.4 Asymptotic behaviour
Here we show that the asymptotic limit of the quasi-local BMS charges (42) agrees
with the BMS charges constructed by Wald and Zoupas [9] at null infinity. In our
notation, we denote by Cv a cut at null infinity at a constant value of v, i.e., the limit
of B as r →∞.
Notice first that ωA = 1
2
∂rV
A. Since
V AωA = O(r
−3),
this term, and because of (43) also its reference value κ̂ in (38) do not contribute to
the charge as r → ∞. Second, one may verify that the asymptotic value of the term
containing IAωA + Llf vanishes.
Next, we compute θ(l) and its reference value θ̂(l). The asymptotic expansion of θ(l)
is given by
θ(l) =
1
r
+
1
r2
( ◦
DA
∞
V A − 2mB
)
+O(r−3), (44)
The reference value θ̂(l) is given by (44) where the quantities CAB and mB are replaced
21The same reasoning holds true for BMS generators in Bondi gauge. See [10, 47] for the expression
of the BMS generators in Bondi gauge.
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by their reference values ĈAB and m̂B. From our construction of the reference term in
subsection 4.3, it follows that (at the given value of v)
ĈAB = CAB,
m̂B = 0,
so that the asymptotic value of the charge is given by
∞
H[ξ] =
1
8π
∫
Cv
(
2fmB + Y
ANA
)
ǫ(γ). (45)
Here NA denotes the angular momentum aspect which we define as the subleading
coefficient in the asymptotic expansion of ωA, given by
ωA = −
1
2r
◦
DBCAB +
1
r2
NA +O(r
−3).
(The leading order term of ωA does not contribute to the charge. This follows from the
facts that
◦
DBCAB is a total derivative on Cv, Y
A is a conformal Killing vector and the
trace of CAB vanishes.)
The asymptotic charge (45) is the desired form. See for comparison22 e.g. Equation
(3.2) of [47].
5.5 The charge in spherically symmetric spacetimes
In this section, we compute the BMS charges (42) on spherically symmetric spacetimes
given by (39), where
W = W (v, r),
V A = 0,
gAB = r
2γAB.
(46)
Here γAB is the round metric.
The only contribution to the charge comes from the null expansion θ(l) and its
22The definition of NA in [47], which we denote by N
′
A
, is related to ours by NA = N
′
A
− ∂Aβ0,
where β0 was defined in (40).
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reference value. For a surface B at constant (v, r), they are given by
θ(l) = −
W
r
,
θ̂(l) =
1
r
.
The resulting charges are
H[ξ] =
1
8π
∫
B
f(1 +W (v, r))
r
ǫ(q).
Only the zero mode (time translation) f = 1 contributes to the charge, for which it is
equal to the Misner-Sharp energy [4, 49, 1]
EMS(v, r) :=
r
2
(1 +W (v, r)).
Vaidya metric
The Vaidya metric is given by the Schwarzschild metric where the mass parameter is
made time dependent. That is, (46) where
W (v, r) = −
(
1−
2m(v)
r
)
.
It describes the formation of a black hole by a spherically symmetric shell of null dust.
For B at arbitrary radii, we find that the gravitational part of the canonical charge is
given by
H[f = 1] = m(v).
Reissner-No¨rdstrom black hole
The Reissner-No¨rdstrom metric is given by (46) where
W (v, r) = −
(r − r−)(r − r+)
r2
,
where
r± := m±
√
m2 −Q2.
We find that
H[f = 1] =
(r+ + r−)r − r+r−
2r
.
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In particular, at r = r+, we have
H[f = 1]|r=r+ =
r+
2
.
This quantity is equal to the irreducible mass of the black hole, given by
mirr :=
√
Horizon Area
16π
, where Horizon Area = 4πr2+.
Notice that the Reissner-No¨rdstrom black hole is a solution to the vacuum Einstein-
Maxwell equations, not the Einstein-Hilbert equations. Therefore, the charge also
receives a contribution from the gauge field. Although the inclusion of gauge fields in
section 3 is straight forward, it happens to be the case that the resulting charges are
not independent of the electromagnetic gauge. This gauge dependence follows from
the fact that the symplectic two form is not gauge invariant [9]. One may have to
substantially fix the gauge – or choose appropriate boundary conditions – in order for
our procedure to yield gauge invariant quantities. We have left these investigations for
the future.
5.6 Quasi-local energy
Consider the BMS charge given by (38) where ξ is the Y A = 0, f = 1 BMS vector
field (41). Summarizing the observations of the previous section, this charge has the
following properties:
1. It vanishes on the Minkowski spacetime,
2. It asymptotes to the Bondi mass at null infinity,
3. On the round spheres in the metric (46) it is equal to the Misner-Sharp energy.
Specifically, at the outer horizon of a Reissner-No¨rdstrom black hole, it is the
irreducible mass.
These properties are contained in a list of pragmatic criteria that a reasonable notion
of quasi-local energy is expected to satisfy [1]. We therefore put forward the possibility
that the gravitational part of the zero mode BMS charge as constructed above may be
a useful definition of quasi-local energy.
6 Concluding remarks
We provided a general construction of quasi-local “conserved” charges in General Rel-
ativity. The construction may be thought of as a modification of the prescription of
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Wald and Zoupas for defining conserved quantities at null infinity. Our modification
is applicable more generally, and in particular in the bulk of a spacetime. We applied
our construction to BMS symmetries in the bulk of asymptotically flat spacetimes, so
as to define quasi-local BMS charges. We then argued that the zero mode BMS charge
is a promising definition of quasi-local energy.
Let us conclude with the following remarks.
(i) Because of computational complexity, we did not consider the Kerr geometry in
our examples in section 5. However, the expression of the Kerr metrics in Newman-
Unti gauge is known [50]. Therefore, our BMS charges are in principle also defined in
the Kerr spacetime. It would be useful to check if the zero mode BMS charge at the
outer horizon of a Kerr black hole is equal to the irreducible mass.
(ii) In stating that the gravitational part of the zero mode BMS charge at the horizon
of a Reissner-No¨rdstrom black hole is the irreducible mass, we purposefully ignored the
contribution from the gauge field to the canonical charge. We did this, because the
contribution from the gauge field is dependent on the electromagnetic gauge. In order to
construct a gauge invariant quantity, one could consider different boundary conditions,
such as fixing the electric charge instead of the gauge field. Another possibility would
be to fix the gauge substantially, perhaps similar to the way we fixed Newman-Unti
gauge for BMS generators. We have left this for future investigations.
(iii) Our prescription may be used to define quasi-local conserved charges in space-
times with different asymptotic conditions.
(iv) Our prescription in section 3 is formally applicable to diffeomorphism covariant
theories in general. However, we have not investigated this in any detail.
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